A FOURTH ORDER FAMILY OF MINIMAL SURFACES IN THE 3-SPHERE 



JOE S. WANG 



ABSTRACT. This is a preliminary note on a family of minimal surfaces in the 3-sphere defined by a compatible 
fourth order equation. The minimal surfaces are geometrically characterized either by having a surface of revolution 
like induced metric, or by having a flat structure 3-web. We observe that the structure equation un-couples for a 
natural choice of frame. The analysis is reduced to the associated curves in the 2-sphere defined by a rational third 
order ODE on the curvature. 
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1. Introduction 

Let g be a Riemannian metric on a two dimensional manifold. Let K be the GauB curvature of g. Consider 
the three associated functions {K, |Vi\~| 2 , AK}, where |Vi\T| 2 is the norm square of the gradient and AK is 
the Laplacian of the curvature with respect to the Levi-Civita connection of g. The metric g is called surface 
of revolution like("SRL") when these functions are functionally dependent, i.e., 

(1.1) dK A d(\VK\ 2 ) = d(|Viv~| 2 ) A d{AK) = d(AK) A dK = 0. 

In this note we propose the class of minimal surfaces in the 3-sphere S 3 with SRL induced metric. The 
analysis shows that the two geometric conditions, the surface being minimal and the induced metric being 
SRL, are compatible, and that there exist at least locally many such surfaces that satisfy these over-determined 
conditions. 

Results. 

1. The local moduli space of minimal surfaces in S 3 with SRL induced metric ("SRL minimal surfaces") is 
generally two dimensional. 

2. The associated structure 3-web of a SRL minimal surface, whenever defined, is flat. 
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The structure 3-web of a minimal surface in S 3 is a set of 3 transversal foliations on the minimal surface 
defined in terms of the third order jet of the surface. One may regard this as a third order analogue of the pair 
of principal foliations. See Section [3] for the definition. 

A minimal surface with continuous symmetry (which is invariant under a one parameter group of isometries 
of S 3 ) necessarily possesses a SRL induced metricQ The local moduli space of SRL minimal surfaces is 
generally two dimensional even modulo the set of minimal surfaces with continuous symmetry. 

A notable property of the SRL minimal surfaces is that the structure equation un-couples under a choice of 
frame, Section[4] This reduces the analysis of the SRL minimal surfaces to the analysis of the associated curves 
in the 2-sphere defined by a rational third order ODE on the curvature. We currently do not have any examples 
of compact SRL minimal surfaces without continuous symmetry. 

The initial motivation for the present work was to find a minimal surface in S 3 with umbilics which is defined 
by a closed(Frobenius integrable) structure equation. A numerical experiment of the aforementioned third order 
ODE on the curvature does not immediately exclude the possibility of umbilics for the SRL minimal surfaces. 

The method of moving frames, and exterior differential systems are used throughout the paper. For the 
standard reference, we refer to HBCG3IHL1 . 

2. Minimal surfaces in S 3 

In this section, we record the basic structure equation for a minimal surface in S 3 . In Section 12-11 the 
moving frame method is applied to determine the adapted structure equation for an immersed oriented minimal 
surface in S 3 . In Section |Z21 we compute the infinite prolongation of the structure equation, Lemma l2.14l The 
sequence of structure webs associated with the higher order Hopf differentials are defined as the primary local 
invariant of a minimal surface. 

2.1. Structure equation. Let E = M 4 be the four dimensional Euclidean vector space. Let S 3 C E be the 
unit sphere equipped with the induced Riemannian metric. The special orthogonal group SO4 acts transitively 
on S 3 as a group of isometry, and S 3 = SO4/SO3. 

Let A — > S 3 be the S 2 -bundle of unit tangent vectors. Let Gr + (2, E) be the Grassmannian of two dimen- 
sional oriented subspaces of E. SO4 acts transitively on both A and Gr + (2, E), and there exists the incidence 
double fibration; 

S0 4 

I TT 

A = SO4/SO2 

S 3 Gr+(2, E) = S0 4 /(S0 2 x S0 2 ) 

Figure |2~T1 Incidence double fibration 

Let us define the projection maps n, ttq, and tt\ in terms of the orthogonal frame. Let e = (eo, ei, ei, e 3 ) 
denote the S0 4 C GL 4 M frame of E. Define 

(2.1) vr(e) = (e , e A e 3 ), 

7i"o(eo, e A e 3 ) = e , 
7Ti(e , e A e 3 ) = e A e 3 . 



A computation shows that such a minimal surface is either a totally geodesic 2-sphere, Clifford torus, or of cohomogeneity 1. See 
Appendix. 
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The S04-frame e satisfies the structure equation 

(2.2) deA = &boja > 

c4 + wjf = 0, 

for the Maurer-Cartan form (cj^)of SO4. ( w^) satisfies the compatibility equation 

(2.3) dw A + ^ A = 0. 

c 

Consider an immersed oriented surface x : M > S 3 . By the general theory of moving frames, there exists 
a lift x : M A such that eo = x, and is the oriented normal to the surface. Let x*S04 — > M be. the 
pulled back bundle with the reduced structure group SO2. We continue to use (wg) to denote the pulled back 
Maurer-Cartan form on x*S04. From (12.11 ). (12.2b . the initial state of (w^) on x*S04 takes the form 

/ • -oo 1 -u? ■ \ 

(2.4) (<4) = 

V ■ "1 ^2 J 

Here '•' denotes zero, and oo A = oj a , A = 1, 2. By definition, / = (cfeo, cfeo) = (f^ 1 ) 2 + (^ 2 ) 2 is the induced 
Riemannian metric of the immersed surface, where ( , ) is the positive definite inner product of the ambient 
Euclidean vector space E. 

Differentiating luq = 0, one gets 

uf A uj 1 + LO2 A u? = 0. 
By Cartan's lemma, there exist coefficients Hab, A, B = 1, 2, symmetric in indices such that 



LO 1 ■ UJ2 W3 

CJ 2 CJ? • COn 



£ 

The structure equation shows that the quadratic differential 

(2.5) II = (Ja u A = h A B u A o uj b 

is well defined on M . II is the second fundamental form of the immersed surface x. 

Definition 2.6. Given an immersed oriented surface in S 3 , let II be the quadratic differential (12.5I ). The 
surface is minimal when the trace of the quadratic differential II with respect to the induced metric I vanishes, 
or equivalently when h\\ + /122 = 0. 

From now on, a minimal surface would mean an immersed oriented minimal surface. 

Let us introduce the complexified structure equation. This is achieved by an appropriate isomorphism from 
SO4 to a subgroup of GL4C. 

Let E c = E ® C be the complexification. Consider the following E c -frame. 

(2.7) e c = (e , E u £U, e 3 ), 

Ei = -{ei-ie 2 ), i 2 = -1, 
E-i = Ei. 
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Rewriting (12.21 ), (12.41 ) with respect to e , one gets 

/• 



(2.8) 



where we set 



de^ 



UJ 



2" 

uj ■ i p 
^h 2 U) ^2^ 



-h 2 uj 
-h 2 ui 



J 



UJ 



ui 1 + iui 2 , 



hoh 



2 "-2, 



P = w 2> 

/i 2 = /in - ihu- 

Differentiating ( 12.81 ), the compatibility equations are written as 

(2.9) duj = ipAuj, 

dp = K- uj A uJ, where = 1 

<i/i2 + 2ih 2 p = 0, mod w. 

Here ii" is the GauB curvature of the induced metric. 
(12.91 ) shows that the quadratic differential 

(2.10) II c = h 2 (uj) 2 

is well defined on M, and is holomorphic with respect to the complex structure on M defined by the (1, 0)- 
form uj. The real part of iY c coincides with 7Y in (12.51 ), and II C can be considered as a complexification of 
II. 

Definition 2.11. Given a minimal surface in S 3 , the holomorphic quadratic differential II C , (12.101 ), is the 
Hopf differential. The zero divisor of II C is the umbilic divisor. 

Example 2.12. Consider a minimal sphere S 2 =— ^ S 3 . Since S 2 supports no nonzero holomorphic differentials 
of positive degree, II C = and the structure coefficient h 2 vanishes identically. A minimal sphere in S 3 is 
thus necessarily totally geodesic. 

Conversely, it is clear from the structure equation (12.81 ) that a minimal surface in S 3 with h 2 = is congruent 
to the totally geodesic sphere. 

For a compact minimal surface M S 3 of genus g > 1, the umbilic divisor has degree 4g — 4 by 
Riemann-Roch theorem. In particular, the umbilic divisor of a minimal torus is empty. 



2.2. Prolongation. Let us introduce the higher order derivatives of the structure coefficient h 2 in (12.91 ) induc- 
tively by 

(2.13) dhi + i ihi p = hi+% ui + h-i-i u, i = 2, 3, .... 

The complex conjugate of hi is denoted by hi = h~i, and hi-x = /i_j,i. 
Lemma 2.14. 

h 2 ,-i = 0, 

i-2 

hi+i-i 



J ^2dij hi-j cP K, for i>2, where 



3=0 



(i-j-2)!(j + 2)! 



2i 



i + 2 
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Here by definition &>K = #oj — h 2 +jh 2 = $0j ~ ^2+j^-2 f or 3 > 0. 

Proof. Differentiating dhi and collecting uj A cJ-terms, one gets 

i 

= dhi_i + -hiK, 

where dhi-\ is the w-component of dhi-\ (d^K is defined similarly). The formula is verified by direct 
computation. □ 

Example 2.15. Consider M 4 = C © C = C 2 . Clifford torus is the minimal surface in S 3 defined as the product 
of circles 

{(z u z 2 )eC 2 \ \ Zl \ 2 = \z 2 \ 2 = 1 -}. 

The curvature K of the surface vanishes, and the prolonged structure equation shows that 

8K = -/i 3 /i_ 2 = 0. 

Since the surface is not totally geodesic, this implies h$ = 0. 

Conversely, consider a minimal surface in S 3 such that the structure function h% = 0. By Lemma 12. 14\ 
<9/i3 = h%K = 0, and either h 2 = 0(and K = 1), or K = 0. In the latter case, it is well known that the 
minimal surface is locally equivalent to Clifford torus. 

Let L = Q 1,0 (M) be the holomorphic cotangent bundle of (1, 0)-forms on M. Let L k , k > 1, be the kth 
tensor product. Similarly as in (|2.10| i. the following formula defines a section of L k . 

(2.16) <S> k = h k (uj) k , k>2. 

The structure equation shows that is generally not holomorphic for k > 3. 

Definition 2.17. Given a minimal surface in S 3 , the complex differential &k m (12.161 ) is the order k Hopf 
differential. 

The main subject of the present note is the geometric structures associated with $3, the first (generically) 
non-holomorphic element in the sequence of complex differentials attached to a minimal surface. 

3. Structure 3-web W3 

Definition 3.1. Let k = 2, 3, ... , be the sequence of Hopf differentials (12.161 ) for a minimal surface in S 3 . 
The structure A;- web Wk. is the set of k foliations defined by the k transversal line fields 

Im$ fc = 0, 

away from the zero locus of 

For example, W2 consists of the foliations by principal curves away from the umbilics. 

Compared to the general planar /c-webs, the structure web Wfc has the property that the corresponding k 
line fields divide the tangent plane at each point in k equal angles. 

The local geometry of planar fc-webs up to diffeomorphism is non-trivial and complicated for k > 4. It 
is relatively simple in case k = 3, where the primary local invariant is the web curvature 2-form. The class 
of minimal surfaces we are interested in are those for which the web curvature of the structure 3-web W3 
vanishes. 

Let us first give a brief analytic derivation of the web curvature of a planar 3-web. We refer the reader to 
flPBEEl for details. 



We shall ignore the global issues related to a web, such as the global well-definedness of the foliations. Our analysis will be local. 
One may practically assume Wk as a set of k transversal line fields. 
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Let W be a planar 3-web locally defined by a set of three 1-forms 77', I = 1, 2, 3. Up to scaling, one may 
arrange so that 

(3.2) rj 1 + rj 2 + i] 3 = 0. 

There exists a unique 1-form rp such that 

drf = ip/\rf, 1 = 1,2, 3. 
The web curvature of W is the differential 2-form 

S7w = dip. 

One may check that Oyv is independent of the choice of rf 's satisfying (I3.2I ). The 3-web W is called when 
Qyv vanishes. 

The minimal surfaces with flat structure 3-web W3 are analytically characterized as follows. 

Proposition 3.3. Given a minimal surface in S 3 , assume the third order Hopf differential $3 is nonzero and 
the structure 3-web W3 is well defined. Then W3 is flat when the structure functions of the minimal surface 
satisfy the single fourth order equation 

(3.4) A 4 = h- 2 h\h-A - h 2 h 2 _ 3 h 4 = 0. 

Proof. Assuming h 3 / 0, choose a frame for which h 3 = h- 3 is real. Differentiating /13 — h^ 3 = 0, one may 
solve for the connection form p, 

P = ~ otu 1 u — \(( hi ~ h -2K)uj - 0_ 4 - h 2 K)uJ). 
3(h 3 + h-3) 

The web curvature 2-form of W3 is equal to d{*p), where V is the Hodge star operator acting on 1-forms by 
*uj = —ioj, etc. Differentiating *p, one gets 



K _ 

d(*p) = —^(h-2h-4 - h 2 li4)uj A uj. 

3 



We are assuming /13 / 0, and the GauB curvature K does not vanish identically. Since the function A4 in 
(13.41 ) is an invariant function defined on the minimal surface, A 4 = is equivalent to /i_2^-4 — h 2 h 4 = for 
this particular choice of frame. □ 

Definition 3.5. A minimal surface in S 3 is a A4-null surface when the structure functions hi's satisfy the 
polynomial equation (13 -4b - 

Note that h- 2 h\h^/± is a well defined complex function on a minimal surface. The A4-null condition states 
that it is real valued. 

Corollary 3.6. A minimal surface in S 3 is a A^null surface whenever the induced metric is SRL. 

Proof. d(h 2 h- 2 ) A d(h 3 h- 3 ) = A 4 w AuJ. □ 

The class of A4-null surfaces contains the totally geodesic sphere, and Clifford torus. Although the equation 
A4 was derived from W3, which required /13 / 0, A4 itself is a polynomial in h^s and is well defined for the 
general minimal surfaces. 

Example 3.7. A minimal surface in S 3 is invariant under a one parameter subgroup of the ambient isometry 
SO4 whenever its Gaufi map linearly degenerates, Appendix. Such minimal surfaces are analytically charac- 
terized by the pair of fourth order equations 

(3.8) A+ = 2 h 2 h 2 _ 3 h±-h 3 h- 3 (3h 3 h- 3 + 2h 2 h- 2 K) = 0, Aj = A+ = 0. 

A^" — A7 + 2A4 = 0, and the class of A^null surfaces more generally contains the surfaces with continuous 
symmetry as expected. 
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The fourth order equation A 4 = imposed on a minimal surface is over-determined; a computation shows 
that in a neighborhood of a generic point of a A4-null surface all of the h±i's for i > 5 are determined a priori 
as rational functions of { h± 2 , h± 5 , h±4 }. In this over-determined situation, one generally do not expect that 
there exist many non-trivial solutions. 

For the class of A4-null surfaces under consideration, we shall see in the next section that locally, even 
modulo the minimal surfaces with continuous symmetry, there exist two parameter family of distinct A4-null 
surfaces. 



In this section we initiate the analysis of the A 4 -null surfaces. In section |4~T] the basic structural existence 
result is established, which roughly states that an arbitrary non-degenerate fourth order jet satisfying A4 = 
uniquely determines a local A 4 -null surface. In Section 14.21 we show that for a natural choice of frame 
the structure equation for A4-null surfaces un-couples. The ensuing analysis is essentially reduced to the 
description of an associated curve in the 2-sphere whose curvature satisfies a third order ODE. 

4.1. Compatibility. Recall A4 = /i_2^|^-4 — h2ht 3 h,4. Differentiating A4 = 0, and assuming /i2^3 7^ 0, 
one may solve for h±$. 



One may then substitute these into the structure equations for dh±4. Differentiating these equations again, 
one gets an identity, i.e., the exterior derivatives do not give any new equations. The fourth order equation 
A4 = is in this way compatible with the underlying minimal surface equation. 

The following existence result is a direct application of the Cartan's generalization of Lie's third fundamental 
theorem, iBrl Appendix]. 

Proposition 4.2. Let (hi, /13, /14) be the standard coordinate of the three dimensional complex vector space 
C 3 . Let the set of unit complex numbers S 1 acts on C 3 by (/12, ^3, ^4) — > (e 2 ^-2> e 3 ^3i ^h^) for e € S . 
Let A 4 , Af : C 3 ->■ C be the polynomial functions defined by (|3H >. (ET8l Let ii = A j^O) C C 3 be the 
zero set. Since A4 is invariant under the S 1 action, let % = be the quotient space. Similarly let A 4 

denote the induced functions on H. Let [hi, /13, /14] denote the point in % representing the equivalence class 
of O2, h 3 , h^. 

Let f) G ~H.be a smooth point so that % is a smooth four dimensional quotient manifold in a neighborhood 
of h. Suppose f) is non-degenerate such that /12, /13; A 4 7^ at () (with an abuse of notation). Then there 
exists a neighborhood U of ' f) which is foliated by the two dimensional surfaces each of which is the natural 
image of the structure functions of a A^-null surface. In particular, If determines a unique germ of a A4- 
null surface in S 3 up to motion by SO4. The local moduli space of A^null surfaces has general dimension 
f dim%) - (dim of leaves) = 4-2 = 2. 

Proof. Let M C S 3 be a supposed A4-null surface such that [/i2, /13, h^\(p) = h for a reference point p € M. 
The condition /12, /13; A^ 7^ at f) ensures that the rank of the natural map [/12, /14] : M — )■ H is two at 
p. We omit the rest of details. See llBrl Appendix]. □ 

Remark 4.3. Along the locus A^ = 0, the surfaces with continuous symmetry case, the rank of the natural 
map [/12 , /13 , /14] drops to one. The similar analysis as above then shows that the local moduli space of the 
minimal surfaces with continuous symmetry is also generally two dimensional. See Appendix. 



4. Un-coupled structure equation 



(4.1) 



h- 5 
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4.2. Un-coupled structure equation. The defining equation (13.41 ) of a A 4 -null surface represents a relation 
among the phases of the complex coefficients h 2 , /13, h^. This suggests to choose a local frame such that 

(4.4) h 2 = aexp(i^), 

h 3 = 6exp(i0), 
hi = cexp(i0), 

where a, 6, c; are real coefficients. 

Recall uj = co 1 + i w 2 . Under the substitution (14.4b . the prolonged structure equations from Lemma l2.14l and 
d4.il ) imply that (assuming ab 7^ 0) 



(4.5) da = buj\ 

db = (c — a 3 + a)^; 1 , 



,2c 2 (-6 2 + 2a 4 -2a 2 )c , 9nN , 

dc = (— + ^ '— + 56 - 76a 2 V; 

v 6 6a 



(-2ca + 3 6 2 - 2 a 4 + 2 a 2 ) „ 

dd> = ; L U) , 

ba 

(ca - 6 2 + a 4 - a 2 ) 9 
P = 1 u ■ 

From the structure equation, dto 1 = -pAw 2 = and one may write lo 1 = ds for a local parameter s. Then 
a, 6, c are functions of s. Assume = —2cb 2 a + 6 2 (3 6 2 — 2 a 4 + 2 a 2 ) 7^ 0. The equation for d(f> above 
gives uj 1 = r(s)d<p for r(s) = (_2ca+3b%-2a i +2a i ) • Taking {s, 4>} as the local independent parameters of 
the surface, the induced metric is expressed in the warped product form 

(4.6) g = (ds) 2 + r( S ) 2 (#) 2 . 



4.2.1. e\-curves. Recall {e\, e 2 } is the dual tangent frame of {a; 1 , uj 2 }. From the equation (I4.51 ). the con- 
nection form p is a multiple of uj 2 . This implies that each leaf of the ei-foliation is a geodesic of the minimal 
surface. 

Following the notation from Section 12.11 set 



(4.7) 



(v , vi, v 2 , v 3 ) = (e , ei, e 3 , e 2 ). 



Then the Frenet equation of an ei-curve takes the form 



(4.8) 



dv = v 



/• "I 

1 • — acos( 

acos(0) 
\- • asin(<; 



-asm 



u , mod a; 2 . 



When (f> = the curvature acos(cf)) = and the curve becomes a part of a great circle in S 3 . When 
4> = § ± f on the other hand, the torsion a sin(</>) = and the curve becomes a planar curve in a great 
2-sphere S 2 C S 3 . As the parameter cf) varies, the leaves of the geodesic ei-foliation oscillate between these 
two extreme cases. The first step in the analysis of the A4-null surfaces would be to understand the planar case 
when (j) = I ± f, where the curvature a of the curve satisfies the third order ODE given by the first three 
equations of (14.5I ). 
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Appendix. Cohomogeneity 1 minimal surfaces in S 3 

We shall give an analytic characterization of the minimal surfaces in S 3 with continuous symmetry. Other 
than the totally geodesic 2-sphere, and Clifford torus, they are of cohomogeneity 1. For the general classifica- 
tion of the minimal submanifolds of low cohomogeneity in a sphere, see [HsL ]. We follow the notation from 
Section [2] 

Structure equation for the GauB map. Let E = R 4 with a fixed orientation. Let /\ 2 E be the space of 
2-vectors. It decomposes under the action of SO4 as 

(A-i) A 2 E = A+EeA 2 E, 

the subspace of self dual, and anti-self dual 2-vectors. The induced representation of SO4 gives the 2 to 1 
covering homomorphism SO4 — > SO3 x SO3. The decomposition (1A-1I) also gives the isomorphism 

(A-2) Gr + (2, E)=S^xS 2 , 

where S± C /\± E is the unit sphere. 

Definition A-3. Let x:M^S 3 cEkfl minimal surface. Let x : M >■ Abe the associated lift to the unit 
tangent bundle of S 3 such that eo = x, and e 3 is normal to the surface (Section^ Fisure \2~l\ . The Gauss map 
7 of x is defined by 

7 = vri o x = e A e 3 : Mm- Gr + (2, E). 
The self dual, and the anti-self dual part of 7 are given by 

7± = -j= (e A e 3 ± ei A e 2 ) : M ->■ S±, 

and the Gauss map decomposes into 7 = 4= (7+ + 7 _ ) as an /\ 2 E-valued function. 

Let A 2 E C = (A 2 E) ® C be the complexification. Set the A 2 E c -frame by 

v = e A e 3 - T\E\ A E-i, w =e Ae 3 + 2iEiAi?_i, 

(A-4) v 1 =EiA (e 3 + ie ), w\ = E 1 A (e 3 - ie ), 

v-i = E-i A (e 3 — ieo), W-i = -E-i A (e 3 + ie ), 

so that 7+ = 75 Vo, 7- = ^75 ^o- 

Proposition A-5. T/ie self dual part of the Gauss map satisfies the following structure equation. 
(A-6) dvo = v\a\ + v-ia-i, 

dvi+ivia = --v a-i, 
v-i = W, 

where 

(A-7) «i = uj — i /i_2 S7, 

a_i = a?, 
a = /0- 

The frame {wq, wi, W-i } for the anti-self dual part 7_ satisfies the analogous equation with the a-forms 
replaced by the following (3-forms. 

(A-8) ft = w + iL 2 w, 

0-1 = Pi, 
Po = P- 
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Proof. Direct computation. □ 

Note both of the structure forms satisfy 

da.\ = i Qo A a.\ , d/3i = i f3o A Pi, 
da Q = d/3 = ^oli A a-i = ^/3i A 

Degenerate GauB map. Let x = eo : M ■— > S 3 C E be a minimal surface. Let a = a^ei A ej G /\ 2 E be a 
(constant) 2- vector which we identify as an element of the Lie algebra of SO4. a acts as a Killing field on S 3 
by 

eo -> aij((ej,e )ei - (e i5 eo)ej). 
Suppose the Killing field defined by a is a symmetry of the minimal surface. Then one must have 

aij((ej,e )ei - (ei,e )ej) = 0, mod ei, e 2 . 

This is equivalent to 030 = — ao3 = 0, i.e., cr as a 2-vector is orthogonal to the GauB map. A minimal surface 
is invariant under a one parameter subgroup of isometry of SO4 when its GauB map linearly degenerates. 

We record below the computation to determine the rank of the image of GauB map. Let us introduce the 
notation pj = Vj + Wj, = Vj — Wj, j = 0, ±1. In the following, the complex conjugate of an equation is 
implicitly assumed. 

Step 1 . Differentiating the GauB map (up to a constant scale) p = £0, one gets 
(A-9) d£o = Pi + i /12 q_i = Si, mod £ . 

Note that one may solve for p 1; p_ : from Si, S-i, and the Gauss map of a minimal surface in S 3 has rank at 
least 3. 

Step 2 . Differentiating £\ and evaluating modulo £q, S±i, one gets 

(A-10) d£ x = d£Li = i (h 3 q_ x - h 2 q ) = £2, 

d£\ = d£~i = 0, mod £q, £±\. 

• case fi2 = 0. In this case, hj = for all j > 2, and the minimal surface is a part of a totally geodesic 
sphere. £2 = 0, and the Gauss map has rank 3. 

• case h-2 7^ 0, hs = 0. In this case, the minimal surface is a part of Clifford torus. q is real and £2 is 
proportional £_2- A computation shows that d£2 = 0, mod £q, £±1, £2, and the Gauss map has rank 4. 

Step 3 . Assume /i3(and necessarily h 2 also) is not identically zero. Then one may solve for q l5 q_ 1 
from <S_2) £2, an d the Gauss map of a minimal surface other than the totally geodesic 2-sphere and Clifford 
torus has rank at least 5. 

Differentiating £ 2 , £-2 and evaluating modulo £ , £±1, £± 2 , one gets 

(A-ll) ^2^ A ^°' 

d£ 2 = d£- 2 = 0, 

d£- 2 = -7TT-T A 4 10> mod £ 0, £±1, £±2- 

2h 3 h„ 3 

The analysis in the previous steps combined imply that the vanishing of is the necessary and sufficient 
condition for the GauB map of a minimal surface in S 3 to linearly degenerate. 
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Given a minimal surface with A^ 



= 0, assume /i 2 , h 3 are nonzero. Set 



(A- 12) 



I 



i (hl 2 f%-h%hl 3 ) 

2(h 2 h- 2 )i(h 3 h- 3 y 



j 



1 (h 3 h- 3 + 4 h 2 h- 2 + 4 h 2 2 h 2 _ 2 ) 
8 (foh-zfi 



J > 1. 



A direct computation shows that dl = 0, d J = 0, and { I, J } are genetically independent first integrals for the 
-null minimal surfaces. A similar analysis as in Proposition 14.21 then shows that the local moduli space of 
A^ -null surfaces is generally two dimensional. 
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